Summary. In this paper, the kinematic structure of tendon-driven robotic mechanisms is investigated with the aid of oriented graphs. The relation between the graph representation of the kinematic structure and the mechanism is established. It is shown that the kinematic structure of tendon-driven kinematic chains is similar to that of robotic bevel-gear trains, and angular velocity equations of tendon-driven robotic mechanisms can be systematically obtained from the graph representation of the kinematic structure by using the concept of fundamental circuit equations. The theory is demonstrated by the kinematic analysis of two articulated robotic mechanisms.
Introduction
The application of graph theory to the kinematic and dynamic analysis of mechanical systems has been well established in recent years. Two different graph techniques are used for this purpose, non-oriented and oriented graph techniques. Non-oriented graph technique is mainly used for the kinematic analysis of robotic bevel-gear trains [1] - [3] . Tsai [4] used this method for the kinematic analysis of tendon-driven robotic mechanisms.
The oriented linear graph technique has been used since the early sixties [5] - [8] for electrical networks and other types of lumped physical systems including mechanical systems in onedimensional motion. Chou et al. [9] extended these techniques to three-dimensional systems by using the same approach. Recently, a systematic approach, the so called Network Model Approach, is developed for the formulation of three dimensional mechanical systems by Tokad [10] , and this approach was elaborated for the kinematic and dynamic analysis of spatial robotic bevel-gear trains by Uyguroglu and Tokad [11] .
Most recently the oriented and non-oriented graph techniques were compared by Uyguroglu and Demirel [12] , and the advantages of the oriented graph over the non-oriented graph were demonstrated using the kinematic analysis of bevel-gear trains.
In this paper the kinematic structures of tendon-driven robotic mechanisms are investigated with the aid of the oriented graph. In order to perform this task, first the relation between the graph representation of the kinematic structure and the mechanism is established. Then the velocity and static moment equations are written in a systematic manner by the aid of the graph representation of the mechanism. The theory is demonstrated by the kinematic and static moment analyses of two articulated robotic mechanisms.
Tendon driven mechanisms
Usually a robot manipulator is an open-loop kinematic chain since it is simple and easy to construct. However, it requires the actuators to be located along the joint axes increasing the inertia of the manipulator system. In practice many manipulators are constructed in a partially closed-loop configuration to reduce the inertia loads on the actuators. For example, the Cincinnati T 3 shown in Fig. 1 uses a three roll wrist mechanism which is made of a closed-loop bevel-gear train [13] . Gear trains are commonly used to transmit power or motion between shafts with small offset distance. It is necessary to add intermediate shafts and idler gears in order to keep the size of the gears reasonably small when the center distance between two offset shafts becomes large.
An alternative method for reducing the inertia of power transmission is to use tendons or belts and pulleys. This type of mechanisms is called tendon-driven mechanisms. In the literature, a few tendon-driven mechanical systems can be found [14] - [19] .
The following assumptions are done for the analysis of the mechanical systems containing tendon-driven mechanisms [4] : -The friction between the pulleys and tendons is large enough to prevent it from relative sliding. -The tendons are always under tension and the amount of stretch in tendons due to variation of tension is negligible. -Each pulley must have a turning pair on its axis and every pair of pulleys connected by a tendon must have a carrier in order to maintain a constant center distance between the pulleys. -The inertia of tendons and pulleys is neglected.
3 Structural representations of tendon-driven mechanisms
Functional representation
Functional representation refers to the conventional drawing of a mechanism. Only functional elements essential to the kinematic structure such as shafts, pulleys and tendons are shown for the reason of clarity and simplicity.
There are two basic routing techniques for tendon-driven mechanisms: open-ended and endless tendons. In an open-ended tendon, one end of the tendon is tied to a driven pulley while the other end is attached to a linear actuator or a driving pulley that is installed on a rotary actuator. Figure 3 shows the planar schematic representation of mechanisms shown in Fig. 2 . The routing method shown in Fig. 3a is called the cross-type while the one shown in Fig. 3b is called the parallel-type. In cross-type routing positive rotation of one pulley with respect to its carrier produces a negative rotation of the other, and in parallel-type routing positive rotation of one pulley produces a positive rotation of the other. and the torques of the pulleys i and j are measured relative to the carrier arm k. The relation between the relative velocities and moments of the pulleys shown in Fig. 4 is:
Planar schematic representation
where x 0 ik and x 0 jk denote the angular velocities of pulleys i and j with respect to arm k, and r ji denotes the radii ratio between pulleys j and i, i.e. r ji ¼ ÇR j =R i , where R i and R j denote the radii of the two matching pulleys, i and j, respectively. The radii ratio is r ji ¼ þR j =R i for the parallel-type routing, and r ji ¼ ÀR j =R i for the cross-type. By definition,
for all i and j. M 0 ik and M 0 jk are the moments of pulley i and pulley j with respect to carrier arm k, respectively. -In order to determine the carrier arm (transfer node) of a pulley pair we will start from one of the nodes which represent the pulley in meshes and go through the tree branches to reach the other node. The node on this path, which has different axis labels on opposite sides is the transfer node. 4 Example I: Three-DOF robotic arm driven by endless tendons Figure 5a shows the functional representation and Fig. 5b depicts the planar schematic diagram of a 3-DOF robotic arm. Pulleys 4 and 5 are free to rotate about axis a, pulleys 2 and 6 are free to rotate about axis b, and pulley 3 is free to rotate about axis c. This mechanism contains 3 pulley pairs: (4, 2), (5, 6) and (6, 3) . Links 2 and 3 are rigidly tied to pulley, respectively. The oriented graph representation of the robotic arm can be obtained by replacing all turning and pulley pairs with their terminal graphs. This is shown in Fig. 6 . Note that thin lines representing the pulley pairs are depicted by using a pair of the same symbol (i.e., j, jj, jjj, . . .).
Equations obtained from the graph
In Fig. 6 , the transfer nodes are as follows:
node 1 (pair axes a; bÞ;
node 1 (pair axes a; bÞ; 
From the graph shown in Fig. 6 , the following fundamental circuit equations which are the algebraic sum of the angular velocities around the special closed paths where each path consists of only one thin line and heavy line(s) and fundamental cut-set equations which are the algebraic sum of the moments leaving the special closed surfaces where each surface contains only one heavy line and thin lines can be written: Fundamental Circuit Equations:
Fundamental cut-set equations: 
Fundamental circuit equations are used for the kinematic analysis, and fundamental cut-set equations are used for the dynamic analysis of the mechanism. In this paper, pulleys are assumed to be ideal. Therefore dynamic analysis is reduced to moment analysis.
Kinematic and moment analyses
In the kinematic analysis, our aim is to express the joint velocities x 21 , x 32 , and x 61 in terms of the input velocities x 10 , x 40 , and x 50 measured relative to the reference node, and for the moment analysis the input moments M 10 , M 40 and M 50 are expressed in terms of joint moments M 21 , M 32 , and M 61 . Using Eqs. (8), (3), and (6), the joint variable x 21 can be written as
Equations (11), (5), (10), (9), (4), and (7) can be used to obtain the joint variable x 32 :
Substitution of Eq. (18) into (19) yields:
Finally, Eqs. (10), (5), and (11) are used for x 61 :
We can rearrange Eqs. (18), (20) , and (21) in a matrix form as shown below:
x 21
x 32 
Thus, the second joint is locked when links 1 and 4 are driven at the same rate; and all the joints are locked when links 1, 4 and 5 are all driven at the same rate.
Tendon-driven robotic mechanisms
In order to obtain the input moment M 40 , Eqs. (12), (3), (15), (5), and (17) are used:
Equations (13), (4), (16), (5), and (17) yield:
and for the input moment M 10 , Eqs. (14), (12), (13), (24), and (25) are used:
Equations (24), (25), and (26) can be arranged in matrix form: 
Note that the coefficient matrix is the negative transposed of the coefficient matrix in (22).
5 Example II: The Stanford/JPL finger Figure 7 shows the functional schematic representation of the Stanford/JPL Finger. Pulleys 4, 5, 6, and 7 are free to rotate about the joint axis a, pulleys 2 and 8 are free to rotate about the joint axis b, and pulley 3 is free to rotate about the joint axis c. There are five pulley pairs: (4, 2), (5, 2) (6, 8), (7, 8) , and (8, 3) . Link 1 serves as the carrier arm for the pulley pairs (4, 2), (5, 2) (6, 8), and (7, 8) , link 2 is the carrier arm for the pulley pair (8, 3) and link 3 is attached to pulley 3. The mechanism has 3 degrees of freedom. In this example our aim is to express the absolute angular velocity of the end-effector (link 3) x 30 in terms of the input velocities x 40 , x 50 , x 60 and x 70 . In order to perform this task the following steps are followed:
(i) The end-effector velocity is expressed in terms of the joint velocities x 10 , x 21 and x 32 using the Denavit-Hartenberg convention. (ii) The joint velocities are written in terms of the input velocities using the oriented graph representation. Table 1 .
Angular velocity of the end-effector in terms of joint velocities
The transformations between two successive joints can be written by simply substituting the parameters from Table 1 
where Ch ¼ cos h, Ca ¼ cos a, Sh ¼ sin h, and Sa ¼ sin a. 
The position and orientation of the end-effector relative to the base frame, the ðx 0 ; y 0 ; z 0 Þ coordinate system, can be obtained from the following transformation matrix:
It is known that the transformation matrix T consists of four submatrices: 
The angular velocity vector of the end-effector x 30 relative to the base frame is given as
where " Z 20 , " Z 10 , and " Z 00 are the unit vectors attached to the " Z 2 -, " Z 1 -and " Z 0 -axes and expressed in the base coordinate system shown in Fig. 8 
Angular velocity of the end-effector in terms of input velocities
In the previous Section the angular velocity of the end-effector, x 30 , is written in terms of the joint variables x 32 , x 21 and x 10 , see Eq. (34). In order to express these velocities in terms of the input velocities x 40 , x 50 , x 60 and x 70 , an oriented graph is used (Fig. 9) . The following fundamental circuit equations can be deduced from the graph: 
Conclusion
The kinematic structure of tendon-driven robotic mechanisms has been investigated by using oriented graphs. The relation between the graph representation of the kinematic structure and the mechanism is established. The kinematic equations are written systematically using the graph theory techniques. The theory has been demonstrated by the kinematic analysis of two articulated robotic mechanisms.
